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Abstract

In 1977, Flowers and Ruderman described a perturbation that destabilized a purely dipolar magnetic
field in a star. They considered the effect of cutting the star in half along a plane parallel to the
symmetry axis and rotating each half 90 degrees in opposite directions, which would cause the energy
of the magnetic field in the exterior of the star to be greatly reduced, just as it happens with a pair
of aligned magnets. We formally solve for the energy of the external magnetic field and check that it
decreases monotonously along the entire rotation. We also describe the instability using perturbation
theory, and see that it happens due to the work done by the interaction of the magnetic field with
surface currents. Finally, we consider the stabilizing effect of adding a toroidal field by studying the
internal energy perturbation when the rotation is not done along a sharp cut, but with a continuous
displacement field that switches the direction of rotation across a region of small but finite width. Using
these results, we estimate the relative strengths of the toroidal and poloidal field needed to make the
star stable to this displacement and see that the energy of the toroidal field required for this is much

smaller than the energy of the poloidal field.
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Introduction

Large-scale magnetic fields are known to be present in a wide variety of stellar objects, meaning
that in these stars the dipole component (together perhaps with some other low-order multipoles)
is not much weaker than the rms surface field. The initial discovery of such fields was on Ap stars
(Babcock | [1947). Since then, they have been observed or inferred to exist in white dwarfs, neutron
stars, upper-main-sequence stars, and in the central stars of planetary nebulae (e.g. [Kemp et al.
(1970), |Angel et al. | (1974), Henrichs et al. | (2003), lJordan et al. | (2005)). Also, these fields appear
to be long-lived, since they do not evolve in a timescale accesible to observations.

A common feature of all these objects is that, over most of their structure, they are stably stratified.
White dwarfs and neutron stars have no significant convective regionﬂ, while upper-main-sequence stars
only have a small convective core. Dynamo effects are therefore expected to be irrelevant in keeping
the strength of the magnetic field constant. Also, it can be seen that all these objects have very similar
magnetic fluxes on their surfaces, ®,,40 = TR?Bae ~ 10275 G cm?, where B4, is the highest surface
dipole strength detected each class of objects. These two features are considered compelling arguments
in favor of flux freezing during stellar evolution. Also, it can be seen that the ratio of fluid to magnetic
pressure is (Reisenegger||12009)

StP  St3GM?2 M\ [/ & \ 2
= ~ ~3x10% | — 1
ﬁ B? P2 8 (M®> (q)mar> ’ ( )

which is a very high number even for the most strongly magnetized stars. Also, 8 is similar for all the

objects mentioned. Since this ratio is so high, we do not expect these fields to significantly modify the

1Recently formed neutron stars are convective for some seconds, and white dwarfs have a thin convective region on
their surface.



INTRODUCTION vi

structure of the star. However, they can play a major role in its evolution.

Even though these long-lived fields have been known to exist for more than half a century, it has
not been possible to find an analytic model for a field that is in a stable equilibrium. However, stable
configurations have been found to exist via numerical calculations (Braithwaite & Nordlund | 2006),
where an initially random field usually evolves into an approximately axisymmetric configuration that
is a combination of toroidal and poloidal components of similar energies. In these simulations, once a
stable configuration has been achieved, the decay of the field is driven by Ohmic dissipation, and it can
be seen to evolve in a timescale comparable to the lifetime of the star.

The stability of purely poloidal or purely toroidal fields has also been studied in the past. [Tayler
(1973), using the energy method, proved that every purely toroidal field is unstable on an Alfvén
timescale, independent of the strength of the field. Markey & Tayler| (1973, [1974) and independently
Wright | (1973) discovered that purely poloidal fields with closed lines contained inside the star are
also unstable. These instabilities are very similar to the kink instabilities in a z-pinch. For toroidal
fields, the region close to the symmetry axis resembles this type of pinch, and the same occurs near the
magnetic axis of poloidal fields. The fundamental difference with a kink instability is the restriction
that in stably stratified stars displacements perpendicular to equipotential surfaces are unlikely to be
unstable, since the magnetic pressure is significantly smaller than the fluid pressure. For the same
reason, it is expected that unstable displacements & are nearly incompressible (i.e. V- & ~ 0).

A simple argument given by [Flowers & Ruderman| (1977) shows that any poloidal field with field
lines extending outside the star should be unstable. If the initial configuration is such that the external
field resembles a dipole, cutting the star in half and rotating each half by 90 degrees in opposite
directions would greatly reduce the dipole component of the field, leading to a magnetic field with less
energy. However, neither Flowers and Ruderman nor anyone else has ever given a formal proof of this
argument.

In the numerical simulations of Braithwaite | (2007, [2009), instabilities related to the poloidal field
are studied. In the latter work mentioned, using the stable configurations found after simulating the
evolution of random fields, Braithwaite used different ratios of poloidal to total energy of the magnetic
field Ep/E and saw the field to be stable for Fp/FE smaller than 0.8 but larger than 0.056. The

field became unstable for Ep/E greater than 0.8, with an m = 2 mode that seems to consist mostly
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of displacements in latitude of the fluid. Braithwaite also notes that the m = 0 and m = 1 modes
are not physically possible, since they would break the conservation of linear and angular momentum,
respectively. At ratios over Ep/E = 0.9, higher modes became unstable, as would be expected since
these modes have to overcome a higher resistance from the toroidal field. [Braithwaite| (2007) considers
the stability of purely poloidal fields with closed field lines inside the star, and found them to be unstable
with a mode much higher than m = 2. The displacement in both cases resembles a kink instability, as
mentioned above.

In this work, I formally prove the Flowers and Ruderman’s instability for the case in which the
external field is that of a pure dipole. I then study the stabilizing effect of a toroidal field and the
relative strength of toroidal and poloidal components required to stabilize the star against Flowers and
Ruderman’s instability.

The structure of this report is the following: In Chapter [, T formally prove Flowers & Ruderman’s
instability for a pure dipole field, by solving exactly the energy of the external magnetic field during
the entire process. Using perturbation theory, I see that the instability is caused by the effect of
surface currents on the star. In Chapter 2] T consider the stabilizing effect of a toroidal field when the
perturbation is not done with a sharp cut through the star, but rather with a displacement field that
switches continuously from one direction of rotation to the other, over a thin but finite region. I show
than under some reasonable assumptions the energy of the toroidal magnetic field required to stabilize
the star is much smaller than that of the poloidal field. In chapter [3 T present my general conclusions
and discuss ongoing work in which I try to construct a displacement field in order to reproduce the

results obtained by [Braithwaite| (2009).



Chapter 1

Flowers & Ruderman’s instability

for a pure dipole field

Flowers & Ruderman | (1977) claimed that stars with purely poloidal fields were unstable to a fluid
displacement where the star was cut in half and each piece was rotated 90 degrees in opposite directions,
generating a quadrupole, which should have less energy than the initial configuration. The argument
was given as an analogy with two aligned magnets, in which case, the antiparallel configuration has less
energy. However, the star in its interior preserves the magnitude but changes the direction of the field,
while the magnets preserve their magnetization, and the field along them does not have a constant
magnitude.

In this chapter, I present a formal proof of Flowers & Ruderman’s instability for the case in which
the external field is that of a point dipole. In LT provide a formal proof of the instability by exactly
solving the energy of the external field along the entire rotation. I start in §L.T.1] by obtaining a general
expression for the external magnetic energy for an arbitrary field. In §L.1.2) I prove that under certain
conditions that are valid for the displacement done in Flowers & Ruderman’s instability, the final state
of the star will have less energy than the initial one, as long as the initial configuration of the external
field is a pure dipole. In §I.T.3] T use the expression for the external magnetic energy obtained in §L.T.1]
to complete the proof by showing that the external energy of the field is a monotonous function of the

angle of rotation, which, coupled with the result of §I.1.21 completes the proof of Flowers & Ruderman’s
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instability. In §1.2] T demonstrate how this instability can be understood using perturbation theory.
Although the proof using perturbation theory will not be as complete as the one given in §I.1] the

results obtained are useful for the work described in the following Chapters.

1.1 Proof of Flowers and Ruderman’s instability by an exact
evaluation of the energy

If T completely ignore the effects of the magnetic field over the hydrostatic structure of the star,
then the star should be perfectly spherical, and when Flowers and Ruderman’s instability takes place,
each half of the star rotates as a rigid solid. Since in stellar interiors the magnetic Reynolds number is
significantly larger than 1, field lines will be dragged by the fluid without modyfing the magnitude of
the magnetic field at each point, and thus, the internal magnetic energy of the star will not be modified
in the processH. Therefore, we are only interested then in the energy of the external magnetic field, and
I now proceed to prove that this energy is in fact reduced by performing the displacement described in

Flowers and Ruderman’s instability.

1.1.1 Exterior energy of an arbitrary magnetic field

To start, I must obtain the magnetic field outside the star, given the field on its surface. Because
outside the star there are no currents, we have V x B = 0 and therefore B = VW. Since V- B =0, ¥
must satisfy Laplace’s equation. The general solution to Laplace’s equation in spherical coordinates is

given by

[e%S) l
U(r,0,0)=> > {almrl + fj%} Yim (6, ¢). (1.1)

=0 m=—1

All the coefficients ay,,, must be equal to zero since ¥ must tend to zero as r goes to infinity, thus

bim

lm

1Tt is important to note that the plane that cuts the star cannot cross any field lines, otherwise, to rotate each half
these field lines should be cut, and that is not possible.
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The values for b, can be solved because the component of the magnetic field normal to the surface of

the star must be continuous, so

<??_\f)r_3 — (B #)n (1.3)

S ) Vi (6,0)
lm

s (B - #),_r, (1.4)

and using the orthonormality of spherical harmonics, I can get

Rl+2

by = —
! I+1

| a9 o) 0.0, (15)

The final result is clearer if I define coefficients ¢;,,, such that

Rl+2
l+1

Rl+2clm
R

bim = — Yim (0, 6). (1.6)

Cm = U(r,0,¢) = —Z
1

m

Now, the magnetic energy inside the star should not change, since the field only rotates while keeping
its magnitude. However, the exterior field changes significantly. Thus, the variation of the magnetic
energy can be solved just by solving the variation outside of the star. The exterior magnetic energy is

obtained from

E= /Vdvg_/vdv%_%Uvdvv-(\l/vq/)—/vdev%} (1.7)
= 8% Vdvv-(\pv\p) (1.8)

where V' covers all space outside the star. Using the divergence theorem, the energy can be expressed

as a surface integral, with a normal inward to the star

P-L ]fs(\yvqf)T:R ds. (1.9)

:871'

2The surface of integration in this case consists in the surface of the star, plus a surface at infinity. If I consider this
last surface as a sphere of radius r centered at the star, then its area goes like 2. From U, it can be seen that the term
that decreases less significantly with r goes like r—!, and thus, the corresponding terms for V¥ will go like »r—2. So,
in the limit in which r — oo, the integral corresponding to this surface will go like 7—!, so when I take the surface at
infinity, this term does not contribute, and I only need to consider the term with the surface of the star.
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Since I consider the star to be perfectly spherical, V¥ - ds = —R?*(B - #),—gsinfdfd ¢ on the surface

of the star, and consequently

R? R?
E:—S—/ (UB - ),_ RdQ_——/ (VB - #),—pdQ (1.10)
™ 4

where in the last step, I used the fact that the energy is real and set it equal to its conjugate. Replacing

the expression for ®, I get the following result:

G * - R3 |Clm|2
m B #),=pdQ=— . 1.11
Z/%Hllm L O s (111)

Summing up, the energy of the external magnetic field is

|Clm|2 / * -
E=—" m= [ Y (0,0)(B-#),_rdQ]. 1.12
STET an =, Y00 (1.12)

1.1.2 Proof that the final energy is less than the initial one

The results contained in ([I2) are enough to obtain a formal proof of Flowers & Ruderman’s
instability. To do so, let us define a quantity T as
R3 2

-2 [ (8

aQ. 1.1
Py (1.13)

This quantity will be conserved when the star is cut in half and rotated. So, using the superscripts 4
and f to denote initial and final states, Y% = Y7. If I use the spherical harmonics expansion for the

field outside the star to express one of the terms of (Bf)T: ro L get

3
T = f—w (Br)rer | > cimYim(0,6) | dQ (1.14)
lm
R3
- &2 clm/M(B ) Yim(0,6)d 02 (1.15)

R3 9
m
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By rewriting Y* = Y/, I obtain

R fa_ R ;2
8—7Tl23|c'zm| :8_7TZ|C“”| : (1.17)

lm
If the initial external field is that of a point dipole, the only nonzero ¢! is ci,. Considering this,
dividing the above expression by 2 results in

R Il PR3 cl,)?
8 < 2 87 2

(1.18)

From here, using (LI2) and noting that cpp must be equal to zero both in the initial and final state
because it represents a monopole, I get:
Efggzk{%zg@za. (1.19)
Im
Thus, the final state will have less or equal energy than the initial one. The equality will hold if and only
if the c{m are equal to zero when [ # 1, which is not the case in Flowers & Ruderman’s instability since
the severe discontinuity that is produced cannot be resolved into an expansion of spherical harmonics
with a finite number of terms. The result given in (LI9) not only holds for Flowers & Ruderman’s
instability, but for any perturbation that keeps T constant. Perhaps studying the conditions that the
displacement field must satisfy in order for T to be kept constant might allow us to discover other
interesting instabilities that affect poloidal fields, but I will not deal with that problem in this work.
It is important to note, however, that I only proved that the magnetic energy of any final state after
cutting the star and rotating it is less than that of the initial energy of the dipole field. I have yet to
prove that the energy is monotonously decreasing for the entire rotation. So, up to this point, we could
expect the minimun energy to be present at some intermediate point in the rotation, and not after the

rotation has been completed.

1.1.3 Proof that the energy decreases monotonously

The boundary condition on the magnetic field required on the surface of the star, so the external
field is a pure dipole, is that the radial component satisfy (B,.),—r = Bp cosf, where Bp is the strength

of the field on the surface exactly at the symmetry axis. Since the internal field is irrelevant to the
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problem (as long as no field lines are cut during the process), I will consider a uniform magnetic field
B = BpZ inside the star. This field satisfies the required boundary condition, and proving Flowers &
Ruderman’s instability for it will be enough as a proof for any other field that is a pure dipole in the
exterior. Since the external field in this case is that of a point dipole, the final energy must be smaller
than the initial one, as I proved in the previous section.

If the star is cut in half along a plane perpendicular to the x axis, and each half of the star is rotated

by an angle §2 in opposite directions, I get

Bp(cosQz —sinQy) = >0
B- (1.20)

Bp(cosQz +sinQy) =<0

for the field inside the star. Its radial component isH

Bp(coscosf —sinQsinfsing) x>0
B.i= (1.21)

Bp(coscosf +sinQsinfsing) x <0

Using (LI2)), the external magnetic energy corresponding to the unperturbed state can be evaluated as

_ BLR?
T T

(1.22)
For the rotated case, the ¢, are

Clm = COSQBP/ d Q cos YT, (1.23)
4m

w™ p37/2 T /2
—i—Bpsian/ / sin2951n¢Ylfnd¢d9—/ / sin? @sin @Y, dod @] . (1.24)
0 Jx/2 0 J—m/2

3Here I use the relation between basis vectors

7 = sin 0 cos ¢p& + sin O sin ¢y + cos 62
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Due to the symmetries of Y},,, it can be proved that

BpcosQ) d Q cos 0Y7 l=1,m=0
4ﬁﬂ 3 /2
Cm = { 2Bp sinQ/ d9/ d¢sin?@sin pY;", 1,m even (1.25)
0
0 otherwise

T 37 /2
Now, if I define wy,, = / d 9/ d ¢ sin? @ sin @Y., the energy can be rewritten as:
0

2 : 252 2
E = cos® QEy + sin? Q Z |7Tl =Ep [cos? Q + 6812 Z |;UT1 . (1.26)

even even

6 Wi |?
Defining A = — Z [tim| , the energy can be rewritten in a compact form as
T

= I+1

E = Ey[1+sin>Q(A-1)]|. (1.27)

Since the complete rotation is obtained with @ = 7/2, the energy is a monotonous function of .
If A > 1 the energy will be an increasing function, but if A < 1, it will be a decreasing function.
However, we already know that the final energy is smaller than the initial one, thus A < 1 and the
energy decreases monotonously along the entire rotation. Therefore, Flowers & Ruderman’s instability
is present in the case of the purely dipolar field.

Even though we already proved the existence of the instability, an estimate of A is called for. To

obtain this estimate, I consider the quantity

Wim
Z |z+l (1.28)

nr——l

A log-log plot for these values is shown in figure [Tl for | ranging from 6 to 18. A good fit can be
achieved by the function g(I) = 2.5303 - 1~2-8871 (I ignored the values for 1=2, 4 because they did not fit

well with the rest of the data). I use this power law to estimate the result of the sum in A for the terms
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0.1 . . S
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0.0001 : : _—
10
[
Figure 1.1: Approximation of g(I) by a power law. Only the points from [ = 6 to 18 are considered
because the points ¢(2) and g(4) don’t fit well with the rest of the data. It is found that a good fit
is obtained with g(l) = 2.5303 - [~2:8871

with [ > 6, and the exact values obtained for the terms with [ = 2 and [ = 4, which gives me a value
of A =0.5697, while the direct sum of the terms up to [ = 18 gives me A = 0.5685. As expected, this

value satisfies the condition A < 1 that is required for Flowers & Ruderman’s instability to be valid.

1.2 Proof of the instability using perturbation theory

Using MHD perturbation theory, I should also be able to prove the existence of Flowers & Ruder-
man’s instability. This proof however will not be as complete as the one given in[I.T] since perturbation
theory can only be used to see if the system is unstable against small displacements, and thus, I cannot
prove with this approach that the energy decreases monotonously along the entire rotation. Neverthe-
less, I now provide a proof of the instability using perturbation theory, since the results obtained in
doing so will be useful in the next Chapter.

In 201 T prove that for a certain family of axisymmetric magnetic fields for which the external
field is that of a dipole, the volume contribution to the internal energy perturbation is equal to zero.
In §1.2.9] 1 solve the contribution to the internal energy perturbation due to surface currents and show

that the final result directly relates with the energy given in (L.27]).
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1.2.1 Contribution to the internal energy perturbation inside the star

Using the energy principle from Bernstein et al. | (1958), the stability of a system perturbed by a
displacement field £ is given by the sign of the potential energy perturbation which can be written as

a sum of hydrostatic and magnetic terms

SW =6Whya + Winag,

5Whyd=%/ [T P(V €)%+ (£-VP)(V-£) — (£ VO)(V - p€) + p& - V6d] dV

1 (1.29)

—gf[I‘lPVf%—&-VP]é-ds,

1
6Wmaq:_§/v£(6j><B+JX5B)dV

where V now denotes the volume of the star. In here, P is the fluid pressure, p is the mass density, ®

is the gravitational potential, 'y is defined as

OlnP

I = Iy (1.30)
and j is the current density, that in the ideal MHD approximation can be solved as
413 =V x B. (1.31)
The perturbed magnetic field and current are given by
dB=V x (£ x B), 4767 =V x (V x (£ x B)), (1.32)

and I will employ the Cowling approximation of neglecting perturbations of the gravitational potential
(i.e. 0 =0).

If §W < 0, then the resulting configuration will be unstable. Since in the stellar interior the magnetic
pressure is much smaller than the fluid pressure, I expect instabilities driven by the magnetic field to
minimize the magnitude of §W},yq4. I ignore the effects of the magnetic field on the structure of the star,
so P, p and ® are spherically symmetric. Considering this, if I use a displacement field that has no

radial component (which is reasonable due to the stable stratification of the objects we are interested
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in), and is completely incompressible (i.e. V- & = 0), the fluid contribution is exactly equal to zero,
and I only need to consider the magnetic terms in §W.

The displacement field for the case of Flowers & Ruderman’s instability is taken to be

Qré x i = —Qr(cosf cos ¢ + sin @) x> 0
€= (1.33)
—Qri x = Qr(coscos ¢ +singh) <0

with |Q2] < 1. This displacement field has no radial component and is incompressible, so there will be
no fluid contributions to JW.

For the magnetic field, I will consider configurations given by
B =Vax V¢, a= f(r)sin?6. (1.34)

2
% cos(f), and thus, outside

the star all these fields are pure dipoles. This model for the internal field covers a wide range of

On the surface of the star, the radial component for these fields is

axisymmetric configurations; the constant field studied in the previous section is just a particular case
in which f(r) = Bpr?/2 and the fields used by [Braithwaite| (2007) to study the stability of purely
poloidal fields are also of this form.

With this choice of £ and B, the integrand of W, is found to be:

€-(0jx B+j x0B) =

272

02 f ( d2f - ﬁ) [cos® 6 — sin® O sin” ¢] . (1.35)

dr?z 2
Including the sin# term from dV and performing the integral gives zero as a result.

However, we already saw that there is an effective variation of the energy when performing this
perturbation, and thus, we are not taking into account all the work that is done on the fluid. This large

scale displacement produces surface currents in two different regions, and these are responsible for the

work done:

e Along the surface of the sphere. Since the exterior field satisfies Laplace’s equation, and its
boundary conditions only requiere the normal component of B to be continuous, it is unlikely

that a large-scale displacement that affects the surface of the star will not produce a discontinuity
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of the tangential component of B in some areas. Thus, surface currents are an important element

for perturbations that affect the surface.

e Along the plane that cuts the star. The discontinuity produced by the rotation will produce a

current sheet along this plane.

From these two effects, only the first is really relevant to the energy of the star. The second effect is

not, because &, B, and j are parallel to that surface, and thus it does no work on the fluid.

1.2.2 Contribution to the internal energy perturbation due to surface cur-

rents

Due to the discontinuity of the 6 and ¢ components of the magnetic field, a surface current will be

produced with components
47TK0 = quint - queztv 47TK¢7 = Beezt - Beint- (136)

If the field is perturbed by a displacement &, then B;,; changes to first order in € by 0B, = V X
(€ X Bjyt). This change will modify the boundary conditions for the exterior field, giving rise to a
perturbed exterior magnetic field

0Byt = Vi, (1.37)
with

1+2
]’%Jr 5Clm

5o — — 3 L 0cm
— (1 +1)

Yim (6, 9), 5%:/ Y (6,0)(6B - #),—p d . (1.38)
4

This will give rise to a perturbed surface current with components
47T6K9 = 5B¢nnt - 5B¢emt7 47T6K¢ = 5B€emt - 6Bgint. (139)

Now, by replacing j by j + 6(r — R)K in ([[.29) and performing the radial integral for the term with

the surface current and the one with the perturbed surface current the contribution to §WW due to these
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terms can be written as@

2
W = _%/ (€ [K x 6B + 6K x B),_, dQ. (1.40)
4

However, due to the discontinuity of B and § B along the boundary, the choice for these two vectors is
somewhat ambiguous. This can be avoided by considering only perturbations that are parallel to the
surface, so £ = 599 + §¢(}5, in which case only the radial components of B and §B contribute to the

previous expression, and that expression reduces to

R2
5Wsc = T35 |: 5BT‘€ : (Bezt - Blnt)dQ +/
A7

B.£ - (0Beyt — 6Bint) dQ] . (1.41)
81 dn

Here, it is not necessary to distinguish between the interior and exterior values of B, and 0 B, because
these must be continuous. The primary difficulty in this expression is the term §B.;;. However, by
explicitly writing that term and using integration by parts, it can be seen tha

R2

R3
- B.§- 0B dQ = —
8 A 6 5 ¢ 8 ;

|6Clm|2
[+1

; (1.42)

so this term is always positive, and thus does not drive the instability. This expression is still hard to
solve analytically in most cases. However, given a particular displacement field, it can be used in the
same way as I used the sequence g(1) in section [[LT3] to obtain an estimate of A.

Now I consider the perturbation field given in (I33]) and the magnetic field given by (L34)). In this

case, the d¢y,, are

/2 (1.43)

otherwise

5Clm =

™ 3m/2

2BPQ/ d9/ d ¢sin® Osin pY;, 1, m even
0 ™

0

4Considering this, §Wimag now consists on a volume integral and surface integral:

1 2
6Wmag:—5/‘/5-(6j><B+j><6B)dV—R?[l (€ [K x 6B + 6K x B]), _p, dQ.

5This result does not depend on the geometry of the magnetic field. The only requirement, is that the displacement
field be of the form § = £40 + ;¢ in the surface. Also, if the displacement field has a radial part, &-#, then 0,&- must
vanish on the surface.
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Using this, together with equation ([42]) T get

2
I Br€ - 0By dQ = Q2 Fy A, (1.44)
8T Jun

where A has the same meaning as in §L.T.31 This gives me one of the terms of W, (as shown in

equation (L41))). The other terms can be evaluated directly, giving me the result

2
—éi [ §B& - (Bext — Bint) dQ +/ B.€ - 0Bip; dQ| = —Q*Fy. (1.45)
™ 47 47

Considering equations [[41] ([C44)) and (4H), the internal energy perturbation due to the surface

curents is found to be

Wee = Q2Eg(A—1) ], (1.46)

which agrees with (L27) up to order Q2 as expected.

The ambiguity in (L40]) can also be solved in another way, which doesnt require the radial component
of the displacement field to vanish at the surface. In the equilibrium configuration, it is unlikely that
surface currents are present, because they would dissipate rapidly. Besides, strong surface currents
would be required to produce an important discontinuity in B, which is unlikely to happen because
the fluid density decreases drastically near the surface. This means that not only the r component
of the field must be continuous, but rather that the equilibrium equilibrium magnetic field must be
completely continuous along the boundary. This does not eliminate the ambiguity in the selection of

0B, but it does not matter because the first term in W, is zero.



Chapter 2

Smooth Flowers & Ruderman’s

instability

Now I consider the effects of performing the cut of the star smoothly across a region of finite width
2¢R. The motivation behind this is that when a toroidal field is added in order to stabilize the star,
the flux through the plane that cuts it in half in Flowers & Ruderman’s instability is no longer zero.
Thus, if a sharp cut is done, magnetic field lines would be cut, which is not possible. Because of this,
an arbitrarily weak toroidal field is enough to stabilize the star against the sharp cut, but if the cut
is done smoothly as described above, toroidal field lines will not be cut, but instead will be severely
twisted. As € increases, this bending will be less pronounced, and thus the stabilizing effect of the
toroidal field will be reduced. Under some reasonable assumptions, I use perturbation theory to obtain
a ratio between the energy of the poloidal field and the total energy of the magnetic field for which
the field becomes stable to this displacement. This value can be compared with the values obtained by

Braithwaite| (2009) for which the field becomes unstable.

14
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To do this, I consider a displacement field of the form

—Qore xr =< —€eR
§=4Q(x)re& x# |z| <eR (2.1)

Qora X T T >€eR

where () is a continuous, odd function in the interval |z| < e€R that satthatisfies

dQ

Q(+eR) =+ Qy, — =
( ¢ ) o dzz=+eRr

0. (2.2)

The condition imposed on the derivative is to avoid discontinuities in § B along the boundary, which
would in turn produce perturbed surface currents. Similar to the displacement field used before for the
sharp cut, £ has no 7 component, as expected from a stably stratified star, and it satisfies V- & = 0, so
there will be no fluid contribution to dW.

The internal energy perturbation for this displacement field can be splitted into several terms,
including a term that involves surface currents, §Ws.. This contribution to the internal energy per-
turbation involves surface integrals of an infinite number of spherical harmonics, and the fact that
the displacement field is defined in terms of cartesian coordinates adds great complexity in trying to
evaluate 0Ws.. Because of this, I consider that the smooth transition is done in a thin region relative
to the radius of the star, so € < 1, and I assume that §Ws. does not change significantly with respect
to the value obtained for the sharp cu. In any case, we expect W, to increase as € increases, since
in this case the dipole component of the external magnetic field will not be reduced as much as was the

case for the sharp cut.

2.1 Cylinder approximation and toroidal fields

As a simple approximation to the region of transition (]| < eR), I will consider it as a cylinder of

height 2eR and radius R. The coordinates in this system will be w for the cylindrical radial coordinate,

1T do not expect the external magnetic field to be significantly different on the surface of the star for the region
|z| > €R, so the contribution to §Ws. on this region should not change significantly. Also, the area of the surface in the
region |z| < eR is small compared to the rest of the surface in which the integral for 6Wj. is done, so even if there are
significant changes there, I do not expect them to significantly modify the work done on the whole surface.
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2" oriented in such a way that 2’ coincides with the previous Cartesian &, and the azimuthal angle
¥ in such a way that ¥ = 0,2’ = 0 is equivalent to the previous Cartesian z axis. The direction of
increasing ¢ is chosen in such a way that the basis vectors for the cylindrical coordinate system satisfy
(as expected) that o x ¥ = 2’

The displacement field in this region can be written as
&€ = wN()D. (2.3)

I consider the perturbation in the potential energy of a toroidal field due to this displacement. Since

the height of the cylinder is small relative to the radius of the star, I approximate the field as
B = g(w,9)?’ (2.4)

where g(w, ) is a 2r-periodic function that is odd in €. Using this, the internal energy perturbation

in this region is

= [ ax [Tan [Maz |t (2 4oSth e tpadf] = e

ag\> 0%¢ 0 @
This expression can be simplified by noting that ( 3 19> + gw = 9 8 5 . Because of this, the

integral over ¥ of this term is be equal to zero, and

1 eR dQQ 27
5WT__§/ER d /2/ d’l9/ dw w?g?. (2.6)

Furthermore, since I demand that the derivative of {2 vanishes on the boundary, this can be rewritten

1 eR d0 2 2w R
5%:—/ dz / M/dmﬁ? (2.7)
87 J_cr dz' ) Jo 0

From this, it can be seen immediately that §Wp > 0, so, as expected, the toroidal field opposes this

as

displacement. From this point, not too much can be done but to specify a model for both Q(z’) and

g(w, ).
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P 2
@

1-pR

Figure 2.1: Model used for the toroidal field. The vertical line is the symmetry axis, and the field is
contained in a circular torus of radius pR that is tangent to the equator of the star, as shown by the
shaded region in the figure. Also depicted in the figure are the coordinates p and ¢ used to describe
the magnitude of the field. In the cylinder approximation the torus is treated as two independent
cylindrical regions.

I choose my function Q(z’) as

!/

Q(2') = Qpsin (2262) = Wr= 37;22 0% dG/OR dw w?g?. (2.8)
This function Q(z’) is odd and satisfies the required conditions mentioned in equation (2:2). With this
particular displacement field, sWz o €. So, as mentioned before, if the region where the displacement
field switches direction is very thin, the magnetic energy will increase significantly, and thus an infinitely
weak toroidal field is enough to stabilize the star against a sharp cut.

Since the toroidal field is confined within the poloidal field lines that are closed inside the starH, I con-
sider the toroidal field to be contained in a torus of internal radius pR. In the cylinder approximation, I
consider this torus as two cylindrical regions of radius pR that are centered at (w,¥) = (R(1—p), £7/2),

as ilustrated in figure 2] In each of these regions, the strength of the field will depend on the distance

2This is required for the star to be in an axisymmetric equilibrium, since if a toroidal field is present outside this
region, the magnetic field produces forces in the azimuthal direction that cannot be countered by any hydrostatic effect.
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Figure 2.2: Plot of the function h(y) from equation ([ZITI)

to the center of the cylinderH, so I switch to coordinates (p, ¢) centered on one of these circles in which
I have g = g(p) (as is shown in figure [ZT]). The corresponding 6Wr can be solved in these coordinates
as

T3
32€R 0

2 _ WQ%
o 16€R 0

2w R 2 nR
W = a0 [ dw =y, 0) de [ dppaloP ) (29)
0 0

where (d(p,))? = p? + [R(1 — u)]> — 2pR(1 — p) cos ¢ is the distance to the origin. As a model for

9(p), I use

— nBpcos? [ P 2.1
9(p) =nBp cos <2MR)’ (2.10)

where Bp is the maximum strength of the poloidal field on the surface, and nBp is the maximum
strength of the toroidal field. The square on the cosine is necessary for § B to be continuous along the

surface where the toroidal field vanishes. Using this model for the field, §Wp results in

o 39(2)7’]2E0

OWr = =cr—=h(n),  hp) = (9t — 7% +192)u* + pPa? (6% — 32)(1 — 2u) |, (2.11)
€T

where Ej is the initial energy of the exterior magnetic field. A plot of the function h(p) is shown in

3Tt can be seen from (Z3) that the detailed geometry of the toroidal field is not so relevant, specially if the toroidal
field is contained in a region far away from the center of the star. In the latter case, d(p, ) ~ R(1 — ), and the integral
will involve only the square of the magnitude of the magnetic field times an area element. Because of this, dWp should
be closely related to the energy of the magnetic field, rather than its detailed geometry.
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figure 2.2 and it can be seen that 0Wr increases with p.

2.2 Effect of poloidal fields for the smooth rotation

2.2.1 Cross term in 6W

When a poloidal field is added, a cross term appears in 6WW that involves both the poloidal and

toroidal components of the magnetic field. This term has the form

1 . . . .
OWeross = —5/ dVE-[0jr x Bp+jp xdBp+3djp X Br+jp x IBr]. (2.12)
%

where jp and j, are the currents related to the poloidal and toroidal fields respectivelyH, SO
dngjp =V X Bp, dnjp =V X Br. (2.13)

I consider this term in Cartesian coordinates, requiring only that the magnetic field be axisymmetric,
without specifying the actual configuration of the toroidal and poloidal components of the magnetic

field. The displacement field is as in equation (Z1I), with

Q(x) = sin (—) . (2.14)

Considering only the parity of the functions involved, it can be proved that the integrand in dWe,.,ss i8
an odd function of z, and since the integral is over a sphere, integration over z will immediately give

zero as a final result, so

W =1 215)

The detail on how the parity of the integrand is obtained can be found in appendix [Al

2.2.2 Purely poloidal contribution to é\W

Using the cylinder approximation it is difficult to treat the contribution to JW due only to the

poloidal field. It is also difficult to treat the problem in spherical coordinates, since the regions of

4Because of this, Jp is actually a toroidal field and jr is a poloidal field.
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Figure 2.3: Integrand for 6Wp, —€-(6jp X Bp+jp X dBp)/2 , in the plane given by x = ¢/2 using
e = 1/10, with the line where the integrand is equal to zero plotted on top.

integration involved are non-trivial. However, for certain particular choices of the poloidal field, the
purely poloidal contribution to §W can be solved exactly using Cartesian coordinates. The displacement
field considered here is the same one that was used in §2.2.T1 T use a dipole field equivalent to the one
used by Akgiin (2009 private communication), but normalized so at the surface the maximum strength

is Bp. The function f(r) for this field i

76

_|_

35B, [, 674
_ _6 2.16
{r = (2.16)

16 Rr2

3w
2|
=~

Solving for the contribution to §W due purely to the poloidal field, one obtains a finite polynomial

in € that to lowest order is

(2372 — 330)
8192

(6972 — 990)

oWp = 2048

B3R3OZ%e = EoQ%e ~ —0.15¢ ExQ3. (2.17)
This contribution is negative, but it is not as important as that of §W. (from equation (48] it can be

seen that 6W,. ~ —0.57Q?Ey). Initially we expected the poloidal field to perform a stabilizing effect,

5This field is completely continuous along the surface of the star, so there are no surface currents present in the
equilibrium configuration. Also, it satisfies |j| = 0 at the surface, which is expected from the fact that the matter density
goes to zero there.
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since this displacement would tend to twist field lines that are near to the symmetry axis. However,
the region where the poloidal field lines are closed within the star turns out to be highly unstable to
this displacement, as can be seen in figure 2233l It can be seen that the contribution to the internal
energy is positive along the axis of symmetry, and the region where it is negative encloses the field lines
that are closed inside the star. We believe the positive contribution to be caused by the twisting of
field lines, and the negative contribution to be due to an effect similar to that described by Markey &
Tayler (1973) and Wright (1973).

2.3 Total internal energy perturbation

To obtain the total energy perturbation, I add all the contributions obtained so far,

oW = Wse+ Wpr+Wp (2.18)
3n? 6972 — 990
2 i oon o IIr _
Q5Ey T6en? h(u) + 5013 +(A-1)]. (2.19)

If 6W; = 0, then the system is marginally stable, and for that case, solving n? in terms of y and e

results in
2
9 €T

~ 384N (p)

n [2048(1 — A) + 33(16 — 37°)e] . (2.20)

Choosing p and €, we obtain from this a lower bound on the strength of the toroidal field needed to
stabilize the star against a smooth rotation done on a region of width 2e R. However, 1 is not completely
arbitrary, since in equilibrium, the toroidal field must be contained by the field lines that are closed
inside the star. A reasonable value for u (for the poloidal field chosen) is p = 0.2, which gives me
h(p) ~ 6.94. Now, evaluating 7 in the above expression for ¢ = 1/3 (which should be far above the
region where this approximation is valid, and should serve as a good lower bound on the strength

needed for the toroidal field), one obtains 7 ~ 0.95.
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2.4 Comparing the poloidal and toroidal energy of the mag-

netic field

In order to compare this result with that of Braithwaite (2009), we must see what my result means
in terms of the energies of the toroidal and poloidal fields. These energies can be evaluated as (the

energy of the poloidal field includes also the external energy of the magnetic field)

35,4 0
Ep = S BPR = S By, (2.21)
B2R3’I72 3n2
2 2 n 2 2
Br = —5o—— (37” = 16) p*(1 - p) = - (37 — 16) 4’ (1 — ), (2.22)

with this, the ratio of poloidal to total energy is

Ep  Ep 5607 (2.23)
E  Er+Ep 33372 —16)n2u2(1 — p) + 5607 '

For the values obtained in the previous section, I get a value of this ratio very close to unity, Fp/FE ~
0.993. This tells me that a toroidal field with an energy much smaller than the poloidal field is enough
to stabilize the star against this perturbation. This can be compared with the instability that could
be seen in the simulations by Braithwaite & Nordlund (2006) for a ratio of Ep/E = 0.8. As this
perturbation happens with a much stronger toroidal field, all seems to indicate that the perturbation
we are studying is not the dominant one, since other instabilities are present for the poloidal field even

when the toroidal field is strong enough to stabilize it against the one we have studied.



Chapter 3

Conclusions and discussion

Flowers & Ruderman| (1977) presented an argument that shows how purely poloidal fields in stars
are unstable. If the external field is similar to a dipole, one could cut the star in half and rotate each piece
in opposite directions, leading to a configuration in which the external field resembles a quadropole,
and thus, the energy of the external magnetic field should be significantly reduced. This argument was
given as an analogy to the case of two aligned magnets, in which case the antiparallel configuration
has less energy. Although Flowers & Ruderman’s instability mechanism is widely accepted, no formal
proof had been given that shows both that the external magnetic energy is reduced when the rotation
of each half is completed, and that the energy reduces monotonously along the entire process.

In this report I present a formal proof of this mechanism for the case in which the field outside the
star is that of a point dipole, by solving the energy of the external field along the entire rotation. I
showed that the external magnetic energy decreases monotonously, having a final value of approximately
0.57Ey where Ej is the initial energy. When I proved that the final energy was less than the initial one
I only required a quantity T (as defined by equation (LI3]) to be conserved when the perturbation
is done, and Flowers and Ruderman’s instability is just a particular case that satisfies this condition.
Perhaps by studying what other displacements conserve Y, other interesting instabilities responsible of
reducing the external magnetic energy could be found.

I also studied Flowers and Ruderman’s instability using perturbation theory, in which case I had

to consider the effects of surface currents and perturbed surface currents in order for the instability to

23
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appear. These effects are not unique to Flowers & Ruderman’s instability, and should be considered for
any displacement that modifies the magnetic field on the surface. The result obtained for the internal
energy perturbation of the star was found to be consistent with the exact value of the energy previously
found.

I then studied how a toroidal field could stabilize the star against Flowers & Ruderman’s instability.
Since a sharp cut through the star would split toroidal field lines, the displacement has to be carried out
with a continuous displacement field that switches the orientation of rotation across a thin region. For a
specific model, it was found that the configuration was stable against Flowers & Ruderman’s instability
for a ratio of energies of the poloidal magnetic field to the total magnetic energy of Ep/E < 0.993.
Using MHD simulations, [Braithwaite| (2009) had shown that when the ratio Ep/FE was below 0.8, the
instabilities driven by the poloidal field were supressed, but if the ratio was just above 0.8, the field was
found to be unstable with an m = 2 mode that does not resemble Flowers & Ruderman’s instability.
Because of this, we conclude that Flowers & Ruderman’s instability mechanism is not the dominant
one.

[ am currently constructing a displacement field that allows me to analytically reproduce the results
in [Braithwaite| (2009), using the configurations for the toroidal and poloidal magnetic fields given in
Chapter 2l The main feature that I expect to reproduce, is that the m = 2 mode becomes unstable for
a ratio Ep/FE ~ 0.8 or higher, and from there, study how this critical value depends on the geometry

of the toroidal and poloidal components of the field.
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Appendix A

Parity of the integrand in 0W ;g5

In this appendix, I prove that the integrand of 6W,,,ss (that can be seen in ([Z12)) is an odd function
of x, and thus, dW,..ss = 0. In order to do so, I need only to consider the parity of the functions
involved. For simplicity, I now present a notation that allows one to easily solve the symmetries of
complex expressions. The actual proof will be much more simple and evident in this notation. To

begin with, I will use the following symbols to denote a function only by its parity,
e, = Even function of x, 0, = Odd function of x, n, = Function with unknown parity in x. (A.1)

From these definitions, the following properties can be obtained direcly
® cp+ € =€y, Oy + 0y =04, €Er+0,="Ng
® Cp€p =€z, Op 0y =€y, €z-0y =0,
o —¢c, =€y, —0p=0;.

If the functions we are considering are functions of the Cartesian coordinatesH z, y and z, then the

following properties can also be shown to be true

® Ore; =0,, Oyey=0.e; =6y

1Perhaps more general results can be obtained when considering orthogonal coordinate systems, but only the results
in cartesian coordinates are required.

26
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® 0,0, =€y, O0yoy = 0,05 = 0.

I can also define vector fields considering only the parity in each of their components. For instance
vV = e,& + e,y + 0,2 is a vector field whose x and y components are even functions of x, and whose
z component is an odd function of x. A completely arbitrary vector field can be written as n, =

ng® +n, Y+ n,z. Two vector fields are of special interest, and I will denote them in the following way

€y =€+ 0,9+ 0,2, 0p=0,T+ e, Y+ e 2, (A.2)

so, these symbols e, and o, represent vector fields with similar parity in their y and z components, and
opposite parity in its £ component. From the properties given for e, and o,, the following properties

can be proved:
e e, X€e;=€;, Oy XO0;==8€;, €;XO0;=0;
® e,-€, =€, Op 0y =€, €z 0y =0

Therefore, cross and inner products between these two kinds of vectors behave in a very similar way to
the products of single functions. The last things required to complete the proof, are expressions for the

curl and the gradient of these vectors. The corresponding properties of these differential operators are
e V-.e,=0,, V-0,=¢,
e Vxe,=o0;, VXxo,=e,.

Now, using this notation, I can prove that §W,,,ss is an odd function of z. To recall, the integrand is

e=€-[0jp X Bp+jpxdBp+0jp X Br+jp X dBr]

where

5BP=V><(£><BP), 6BTZVX(£><BT), 47T6jp=VX(5BP), 47T5JT=VX(5BT) (A?))

And £ has the form of (2.I)). I now proceed to write &, Bp, and B as either e, and o,. First, £ has no

& component, and both its  and 2 components are odd in x. So, using the notation I just introduced,
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I can write £ as € = 0,4 + 0,2. Since the z component of £ is the zero function, I can consider it to
be an even function of x, so

E=e, T+ 0,9+ 0.2=e,. (A4)

Now, Br and Bp are axisymmetric, with 2 being the axis of symmetry. Bp only has x and y
components, with the £ component being an even function of x, and the y component an odd function
of x, so By can be written as By = e, & + 0,9y. Just as before, since the z component is zero, I can

choose it as o, to get

Br=e,x+0,y+o,2=€e;, = Jpr=VXe,=0,. (A.5)

Bp has components in z, y, and z, with its £ component being an odd function of x, and its y and z

components even functions of z,

Bp=o0,2+e,y+e2=0, — jp=VXo0,=e,. (A.6)

The parity of the perturbed quantities can be solved by using the properties of e, and o, shown above,

0Br =V x (e; X e;) =0;, 0Bp =V X (€; X 0;) = e,

(A7)
djr =V x (0;) = €y, 0jp =V X (ez) = 0g.
The parity of the integrand is then solved to be
E=e€; [€r X 0y + 0, X €y + 0y X € + €5 X 0] = 0y, (A.B)

so, the integrand of dW,,.ss is an odd function of z, and thus, integrates to zero in the case we are

interested in.
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